The dynamics of all four combinations of possible polarity and circularity states in a stack of two vortices is investigated by time-resolved scanning transmission x-ray microscopy. The vortex stacks are excited by unidirectional magnetic fields leading to a collective oscillation. Four different modes are observed that depend on the relative polarizations and circularities of the stacks. They are excited to a driven oscillation. We observe a repulsive and attractive interaction of the vortex cores depending on their relative polarizations. The nonlinearity of this core interaction results in different trajectories that describe a two-body problem.
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I. INTRODUCTION
Magnetic structures found in thin ferromagnetic layers [1, 2] , such as magnetic bubbles [3] , domain walls [4] , skyrmions [5] , and vortices [6] , have been studied intensively over the past few decades. Their characteristic magnetization structures result from the minimization of different energy contributions. For instance, the formation of magnetic bubbles originates from a uniaxial anisotropy determined by the ferromagnetic layer. Magnetic skyrmions are commonly stabilized in the presence of external magnetic fields and an asymmetry in the boundary layers that leads to the Dzyaloshinskii-Moriya interaction [5] . Magnetic vortices emerge when the geometry of the ferromagnet is confined to dimensions on the micrometer scale [7] , e.g., in micron-sized disks. Here, stray fields at the edges of the structures are minimized. The magnetic vortex constitutes a magnetization circulating in the plane around the center position of the disk where it points out of plane. The sense of circulation c can be either clockwise or counterclockwise (c = ±1), whereas the out-of-plane component of the center region points either up or down (polarization p = ±1). Due to the four possible states, vortices are promising candidates for applications in potential storage devices [8, 9] . In order to realize a storage device with a high storage density one needs to incorporate many vortices in a finite volume. Since neighboring vortices couple due to stray fields emerging at the surfaces of the ferromagnetic elements [10] , the motions of closely packed vortices are strongly influenced by their surrounding ferromagnetic structures [11, 12] . The interaction between laterally arranged elements has been studied for pairs [13, 14] , chains [15] , and two-dimensional arrangements [16] [17] [18] of vortices. In laterally coupled arrangements it has been shown recently that memorylike writing processes are possible based on the excitation of the gyrotropic mode [19] , where bits are stored as polarization patterns. The gyrotropic mode corresponds to a gyration of the vortex core around the center of the disk and can be compared to the oscillation of a harmonic oscillator [20] . Even for closely packed twodimensional arrays of vortices, the storage density is expected * max.haenze@physnet.uni-hamburg.de to be below that of conventional storage devices [21] . We introduce an additional dimension to the collective gyrations of vortices known from spin-torque oscillators [22] . Stacking the vortices allows for a strongly increased packing density and has thus stimulated recent studies [23] [24] [25] [26] [27] [28] [29] [30] . While for two-dimensional arrangements the minimization of the stray fields at the side surfaces creates the vortices and mediates their interaction, we observe a second coupling mechanism for three-dimensional stacks that has been investigated theoretically [26, 31, 32] . Due to core coupling the collective motions in an elementary stack of two vortices become a two-body problem.
Here, we study the vortex core motions emerging in a stack of magnetic vortices depicted in Fig. 1 using time-resolved scanning transmission x-ray microscopy. In the first step we excite the vortices by a short magnetic field pulse leading to a collective motion of the core regions. Both vortex cores are imaged along their damped oscillation. We observe a strong dependence of the resonance frequency and the trajectories of the gyration on the relative circulations and polarities within the stack. In the second step we excite the different nondegenerate states close to their resonance frequency. Stationary trajectories are observed that are comparable to motions of the gravitational two-body problem. This effect originates in the proximity of the vortex core regions within the stack. Calculations elucidate their functional dependence. deposited on top of the stacks via thermal evaporation of 250 nm of copper and a protection layer of 5 nm of gold. A sinusoidal current is driven through the signal line of the coplanar waveguide, leading to an alternating magnetic field on the order of several tenths of a millitesla acting in the plane of the ferromagnetic elements. The provided in-plane magnetic contrast of the microscope yields the relative configuration of the circulations. Here, the sample is tilted by 60
II. SAMPLE PREPARATION AND METHODS
• relative to the incident x-ray beam. As shown in the inset we observe both possible combinations (c 1 c 2 = 1 and c 1 c 2 = −1), indicating that the silicon spacer decreases interlayer exchange coupling between the vortices. For interlayer exchange-coupled vortices only one state would occur [33] . Stray fields at the side surfaces of the disks emerge when the vortices are deflected from their equilibrium position indicated in Fig. 1(b) . In addition, the vortex core regions exhibit a coupling due to the out-of-plane component of the magnetization [ Fig. 1(c) ]. Both interaction effects are crucial to understand the collective behavior in a stack of vortices. Here, only the stray fields for equal circulations (c 1 c 2 = 1) of the vortices are depicted. They have been obtained from micromagnetic simulations of the investigated structures as described in the last part of this work.
III. EXPERIMENTS
In principle two coupled oscillators have two eigenmodes that describe all possible motions of the system. For stacks of magnetic vortices both modes have been observed in spin-torque oscillators [22] . In the experiments the dynamic behavior of a stack of vortices is investigated using a short magnetic field pulse (1 ns, 3 mT) pointing in the y direction. The field pulse allows for the excitation of only one of the two modes [17] . The different circularities and polarities in the stacks then yield different frequencies and motions of the one excited mode. Due to symmetry considerations there are four possible nondegenerate states. All four combinations of the relative circulations and polarizations are imaged using out-of-plane magnetic contrast. Here, the sample is tilted by 90
• relative to the incident x-ray beam. The trajectories of the core regions are shown in Fig. 2 (a) and can be found as a movie in the Supplemental Material [34] . While for static magnetic fields the deflection depends only on the circularity, the initial deflection due to a nanosecond magnetic field pulse depends on the handedness (cp = ±1) of the isolated magnetic vortex [35] . Subsequent to the initial deflection the vortex performs a damped gyration around the center of the disk, where the sense of gyration is determined by the polarity p of the core. Isolated vortices with a positive polarity (p = 1) gyrate counterclockwise, while vortices with a negative core polarity gyrate (p = −1) clockwise. The oscillation frequency of the isolated vortex is 240 MHz for the investigated structures. In the stack the external field pulse individually deflects both vortices depending on their handedness. Thus, two identical vortex states (p 1 p 2 = 1, c 1 c 2 = 1) are deflected in identical directions and gyrate on equal trajectories after the field pulse. Due to the additive contrast of the two structures, the different vortex cores cannot be distinguished in this case. Changing the circularity of one of the vortices results in opposite initial deflections yielding different trajectories of the vortex cores. The two vortex cores have the same sense of gyration. They gyrate around a common barycenter until they reach their equilibrium position and merge into a single black dot due to their direct superposition. This motion has also been described theoretically [23, 31] . For both circularity combinations the frequency of gyration is approximately 410 MHz. It is comparable to the frequency of an isolated disk with the combined thickness of the stacked vortices. The frequencies have been obtained by the sum of the Fourier transforms of the two vortex core motions in the stack. They are depicted in Fig. 2(b) . In the next step, the relative polarities of the vortex stacks are changed from equal (p 1 p 2 = 1) to opposite (p 1 p 2 = −1) polarizations using self-organized state formation [19, 36, 37] . Thereby, the remaining nondegenerate states of opposite polarization are accessible. Two isolated vortices with opposite polarizations have a different sense of gyration that is also observed within the stack. to the resonance frequency of the isolated disks (240 MHz). When the vortex cores approach each other, we observe a slight evasion that is attributed to the repulsion of the core regions. The two different relative polarities (p 1 p 2 = ±1) have a strong influence on the resonances of the oscillations. The relative circulations yield slight variations. For the case of opposite polarities and equal circularities (p 1 p 2 = −1, c 1 c 2 = 1) a splitting of the resonances can be observed. It could be attributed to a change in the oscillation regime from large to small vortex core trajectories. This mode splitting can be observed for a critical core distance of about 50 nm in the movie (at 52 ns) in the Supplemental Material [34] . Since the distance between the cores decreases over time, the influence of the core interaction increases. Further measurements of the steady-state motions elucidate this dependence.
The vortex stacks are excited near resonance by a sinusoidal magnetic field. Two different frequencies of 175 and 410 MHz for the two relative polarizations (p 1 p 2 = ±1) are used. Figure 3(a) illustrates the motions of the vortex cores for all four state combinations. The vortices oscillate on constant trajectories that resemble possible motions of the gravitational two-body problem. Vortices with the same polarities gyrate on circular trajectories around a common barycenter. For equal circularities (c 1 c 2 = 1) the vortices gyrate on the same trajectory, whereas a phase shift of 180
• emerges for the case of opposite circularities (c 1 c 2 = −1). In both cases the interaction is mediated by coupled in-plane dipoles rotating in the same direction. For equal circularities the attractive force of the two cores is zero since they gyrate on the same lateral positions. For opposite circularities the interaction of the cores can also be neglected. This is due to the large interdistance (∼ 100 nm) of the cores.
Vortices with opposite polarities gyrate in an opposite sense. Here, the relative phase and thereby the crossing point of the cores depend on the relative circulation. One of the cores is constrained to a lower radius. This asymmetry could be provoked by the Oersted field that slightly varies in its amplitude for the two disks. Then, the intrinsic repulsion of the cores strengthens this effect. However, as the oscillation radii are constant for the case of identical polarizations the asymmetry of the Oersted field is rather small. The amplitude of the excitation has been adjusted to maintain large-trajectory radii. By reducing the amplitude of the excitation the type of gyration changes for vortices with different polarities [ Fig. 3(b) ]. We observe a gyration of the vortices around individual barycenters for the case of equal circularities (c 1 c 2 = 1). Note that the barycenter is defined as the center of the core trajectory during one oscillation period of an individual disk. The vortices are repelled by the core interaction. This behavior cannot be observed for the case of opposite circularities (c 1 c 2 = −1). Slight oscillations of the barycenters could not be observed due to the stroboscopic measurement method that integrates over millions of oscillation periods.
IV. THEORETICAL MODEL AND DISCUSSION
The strong frequency splitting of the two polarity states can be understood within the model presented in Ref. [23] . Within this model the splitting between the two polarity states sums up to 310 MHz for the investigated structures. This value is larger than the experimental splitting reported in Fig. 2 , which can be explained by the overestimation of the rigid vortex approach [38] . Still, the observed repulsion of the vortex cores has to be taken into account [26, 31, 32] . Therefore, we performed calculations where the interaction of the vortex cores is modeled by an additional potential. We calculate the total energies of two deflected magnetic vortices using the Thiele approach [39] , which considers the magnetic vortex as a rigid particle. Figure 4 (a) depicts the stray fields of two magnetic dipoles, the vortex cores, in a stack of magnetic vortices. The energy of these dipoles is modeled by the assumption of two interacting point dipoles. It can be expressed as a function of their lateral deflection in opposite directions r. The amplitude of the dipole moment is derived from the actual size of the magnetic vortex core. Here, we assume that all magnetic moments in a cylindrical shape with a radius r c and the thickness t of the disks point into the same out-of-plane direction. The energy is given by
where (t + z) is the distance between the vertical centers of the two disks, M s is the saturation magnetization of permalloy, and z is the thickness of the silicon spacer. The core interaction is repulsive for opposite (p 1 p 2 = −1) and attractive for equal polarities (p 1 p 2 = 1). Reasonable values of r c = 12 nm [6] and M s = 800 kA/m are assumed. The energy contribution of the confinement of the disks is modeled by a harmonic potential [20, 38] with a curvature κ = 1.72 × 10 −3 kg/s 2 and corresponds to a frequency of ω 0 /(2π ) = 240 MHz. For vortices the interaction of the stray fields at the side surfaces of the disks is also described by a harmonic potential when equally deflected in opposite directions. The coupling coefficient η = 1.45 × 10 −3 kg/s 2 is obtained in analogy to Ref. [10] from numerical integration of the magnetostatic energy between the side surfaces. The stray field energy depends on the relative circulations of the disks as depicted in Fig. 4(b) . The sum of all energy contributions E sum reads
Figure 4(c) depicts the total energy E sum for all four possible nondegenerate state combinations. For large deflections r the energy contribution of the stray fields at the side surfaces dominates. For the case of equal circularities and opposite polarities (c 1 c 2 = 1, p 1 p 2 = −1) the minimum energy, i.e., the equilibrium deflection r eq , is obtained for r = 30 nm. All other state combinations reach their equilibrium position at r = 0. This behavior explains the collective oscillations observed in Fig. 3(b) . Depending on the circularity, the two vortices oscillate around different or equal barycenters. For the case of equal circularities the distance between the two barycenters is approximately r ≈ 50 nm, whereas for the case of opposite circularities the two vortices gyrate around the same barycenter. These values are in good agreement with the analytical model. Slight variations can be explained by the measurement method that yields only the superposed contrast of both vortex cores. The energy between the vortex cores can also be calculated using the model of magnetic surface charges that emerge at the top and bottom surfaces of the disks. The proceeding is described in Ref. [26] and yields similar results. To gain insight into the strength of the observed dipolar coupling we performed further calculations to predict the limits of strong and weak core interactions. Figure 4 (d) illustrates the dependence of the equilibrium deflection on the thickness of the silicon spacer. The analytical calculations are confirmed by micromagnetic simulations [40] . The dimensions of the simulated stacks are identical to the experiments. The equilibrium deflection is obtained by a relaxation of the system into its energetic minimum. Therefore, we use a cell size of 4 × 4 × 4 nm, a saturation magnetization of M s = 800 kA/m, an exchange stiffness constant of A ex = 1.3 × 10 −11 J/m, and a Gilbert damping constant of α = 0.01. In agreement with Ref. [32] the case of equal circularities provokes a larger static displacement of the cores. Depending on the geometry of the disks, the displacement is expected to emerge for the case of different circularities as well.
V. CONCLUSION
We conclude that the collective magnetic excitation in a stack of vortices is dominated by the relative polarities of the vortex cores. A strongly increased splitting of the resonance frequencies compared to laterally coupled structures is observed. The proximity of the disks results in a coupling of the vortex cores. This coupling yields a displacement of the equilibrium positions for vortex stacks with equal circulations and opposite polarities. Its nonlinear influence leads to different types of steady-state motions observed by scanning transmission x-ray microscopy that yield a two-body problem. The access to the third dimension in stacked vortices overcomes the limitations concerning the storage density in potential memory devices.
